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From the time of the first report on the use of a birefrin-
gent filter (BF) for controlling the lasing spectrum of a cw
dyelaser,' several papers have appeared devoted to the anal-
ysis of the selective properties of such filters.2* This type of
wavelength selectors are widely used in tunable lasers (see
the survey of the application of BF in Ref. 7) owing to the
establishment of the fundamental characteristic of the BF
[the contrast transmission function, a constant (accurate up
10 10%) filter tuning coefficient in a spectral width of 100
nm (Ref. 6) ], and also the absence of dielectric coatings and
simplicity of control.
| Usually BF represent one or a few phase plates, situated
| in the resonator at the Brewster angle with respect to the
t incident beam. The optic axes of all the plates are parallel to
' one another and make a certain angle with the plane of inci-
. dence. The wavelength of the radiation is tuned by matched
. rotation of the plates without changing their tilt. The angle 8
. between the optic axis OA (Fig. 1) and the plane of the plate
is chosen to be equal to 0 or 25° and the ratios of the plate
thicknesses in the most common three-element filters consist
of a multiplicity of variations—1:2:9,2 1:2:10,% 1:2:15,>%
1:4:16%° and others. Filters having identically thick thinnest
plates (we will call them first-order plates), but different
angles B and plate thickness ratios, differ in the free spectral
range, the width of the fundamental and the height of the
secondary transmission peaks, and the angular dispersion.
Question of the dependence of these important BF charac-
teristics both on its parameters, the angle 8 and the plate
thickness ratio is clarified in the literature, but far from be-
ing complete.

To clarify this question, we must know the most general
analytical or computational formula for the filter transmis-
sion coefficient, which, as has been noted in Ref. 7, is un-
known at this time. Thus, the question of an optimum BF for
various applications remains unsolved.

Ther derivation and analysis of computational formula
for the transmission coefficient of an arbitrary birefringent
selector is the purpose of this paper. Particular attention is
given to the determination of the optimum orientation of the
filter from the point of view of its selecting power. Criteria
are proposed for the choice of the BF parameters and its
design.
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Rigorous design formulas are derived for the transmission coefficient of an arbitrary
birefringent filter (BF) in an optical resonator. Variations of the free spectral range and the BF
tuning factor with the angle between the optic axis and the plane of the phase plate are given.

It is shown that for a three-clement BF, the ratios of plate thicknesses of 1:3:11 and 1:4:13 are
optimum. A general formula is found for the angle of tilt at which the BF transmission

function has the highest contrast. Conditions are determined for the selection of BF
parameters. A method for broadening the spectral tuning band of the BF is proposed. Use of
these results in BF design allows us to improve its characteristics significantly.

BIREFRINGENT FILTER TRANSMISSION FUNCTION

The Jones method® is used for BF description. Each
(jth) phase plate situated at the Brewster angle is represent-
ed by a matrix -

o 1 (costd - ¢S sinta) tcosasind(l—e )
= sinta--e7 cost a

tcosd sina(l — e b))

where ¢ 2 is the transmittance of the Brewster surface for the
energy flux of the s-polarized wave, a is the angle between
the plane of incidence and the major plane of the birefringent
plate, & is the phase difference between the extraordinary
and ordinary waves. Brewster surfaces of the dye solution
stream are taken into account by a matrix of the form

M, = (t: (:)9

wheret ' ~t. Birefringent filter transmission is determined by
the largest eigenvalue of the matrix M, obtained by multiply-
ing the Jones matrices M,;~' and M,~" in the sequence in
which light traverses that corresponding to optical elements
in a pass or bypass of the resonator. The eigenvalues p, , of
the matrix M= [m,, ] are found as the roots of the character-

FIG. 1. Geometry of the birefringent plate. OO ‘—normal to the plate
surface; i~—angle of incident of the ray; ODOC '—plane of incidence of the
ray; 6—angle of refraction of the extraordinary wave; y—angle between
normal of the extraordinary wave and the optic axis O4; OB—projection
of optic axis on the plate surface; 04 C—principal plane of the birefringent
plate.
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istic equation
- det (M — pE) == p¥ — p (myy - mu} + mymgy —mpmg =0, (1)

Since the matrix elements m,, are complex, we intro-
duce the notation m,, + my, =a +ib, m, my, — mym,,
=¢ +id. Letp = p’ + ip”. The solution sought of the set of
equations obtained after dividing Eq. (!) into real and
imaginary parts, has the form

mtforsrib(e -2 @

Q= ]/z[(m + (%ab-— d)“)'h—- R] . A= —}— (b2 —a") 4-¢.

Thetransmittance of a three-element BF for light inten-
sity, for instance in a pass of the linear resonator of the dye
laser is equal to T == p'? 4 p**, where p’ and p" arc derived
from Eq. (2) for the matrix M = M, M M. M M.M,.MM,.
We will bear in mind this coefficient when we speak of BF
transmission.

The phase delay &, is determined by the expression'?

2uh,
3 (VAV = 8in¥T — V] " sin®1),

‘.f_

where 4, is plate thickness, i is the angle of incidence of the
beam, # and #, are indices of refraction of the extraordinary
and ordinary waves, A is the wavelength of the radiation. For
B =0, n is found from the formula

n ﬁ-[n,’-[-(l-— —:%) cos? ¢ sin’t]lh. (1)

where @ is, in general, the angle between the plane of inci-
dence and projection of the optic axis onto the surface of the
phase plate. The major indices of refraction »,(4) and
#o(A) in Eq. (3) are computed using the cubic s-plane func-
tions, interpolating known values of n, (4, ), n,(4, ) for
crystalline quartz'' in the 410-845.nm wavelength range.
For 8 #0, n is found by the secant method'? from the equa-
tion

ning _
ng+ (nf—nfl.cos®y (k) —

fn) mzrt — 9, (3a)

where y is the angle between the optic axis of the erystal and
the normal of the extraordinary wave. We can find the func-
tion y{n) in Ref. 6

1 int £\
cos:{u)-:cos;cospsint+(1—-—%§—— fsin‘p.

Rapid convergence of the iteration process is achieved
using », as the initial approximation.

These formulas provide the possibility of performing
rigorous numerical caleulations of the BF transmission
function, implemented in the Electronics-60 computer pro-
gram in PASCAL, The application of complex matrix multi-
plication in the program simplifles the calculations consider-
ably, and allows us to modify the model of the optical scheme
easily. We should mention that we can derive from Eq. (2)
an analytic expression for the transmission function of a sin-
gle-element BF, such as a phase plate in.a ring dye laser.
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FIG. 2. Tranamitiance ol the highest secondary peak of a three-clement
BF va the plate thickness ratio. 1—1:2:5; 2—1ided; 3==1:2:0,

PLATE THICKNESS RATIO OF A THREE-ELEMENT BF

The secondary Ironsmission penks of o multiclomenl
BF can compete with the main peak, at which lasing takes
place by tuning to the wing of the gain line. In a number of
cases, this does not allow us to continuously tune the wave
length of the laser radiation in the entire gain band of the dyt
due to lasing at the secondary peak. We can reduce the
height of the secondary transmission peaks, by inserting in
the laser resonator additional Brewster surfaces or by the
selection plate thickness ratio. First attempts in this direc
tion are made in Ref. 3, where transmission of the highest
secondary peak for three BF with different plate thickness
ratio is computed. However, it is impossible to take the 1:29
filter found with minimum transmission to be the optimum,
since it is significantly inferior to the other two filters in the
width of the mhin transmission peak (for identical first
plates).

To optimize plate thickness ratio, taking into accounl
all the characteristics dependent on it, we compute {ransmis- -
sion of the highest secondary peak of the 1:r:4 filters, where
r = 24, and / = 9-16. Computed results are given in Fig.2.
The 1:3:10 and 1:3:11 filters posscss minimum secondary
transmission peaks. Transmission on the highest secondary
peak for the 1:3:10 and 1:3:11 filters is 65%, 67% for the
1:2:9 filter, and 699 for the 1:4:13 filter. The data obtaitied
allow us to conclude that the 1:3:11 and. 1:4:13 filters are the
most optimum of all the filters studied.

We note that it is recommended in Ref. 3 to use filters
with thickness ratio of 1:2 for the two first plates. Figore?
shows that it is inadvisable to use BF with a 1:2:] ratio for
> 10,

OPTIMUM ORIENTATION OF THE BIREFRINGENT FILTER

BF possesses the highest contrast transmission function
C = /T, where T, is the background transmission, whes
the plane of incidence is at an angle of @ = 45 to the maju
planes of the phase plates.*'® The angle ¢ is related to a by -
the expression tan ¢ = tan & sin I, as given in Ref. 4 for the -
case of § = 0°. Here { is the Brewster angle. It is of interestto :
establish the dependenceof @ on @ for 8 #0". Wecan find the :
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TABLE I,

B (deg) Pop (deg)

0 40.0

5 8.0
10 358
15 33.6
20 31.3
25 28.8
30 281

angle o from the cosine theorem for the trihedral angle with
edges OA, OD, and OC (Fig. 1)
cusfab"cosa‘cos {90° — &) 4 sin 7 sin (90 — 8).cos o {($)

We have the relation for the trihedral angle with edges
0B, 04, and OD

cusA/‘OB=cm9cusp+sinvsin}cossn°._ (5)
We find from Eq. (4) and (5)
cos p cos § cos 8 — sin B sin (6)

CO8 g s e e,
= Vi — (cos ¢ sin § cos f - cos § sin )

It follows from Eq. (6) that for a fixed angle @, for

" example, 40°, change of # from O to 50° leads to variation of &

from 45° to 90°, Thus, the angle £ exerts substantial effect on

-the interdependence of the angle ¢ and a. In the case of

a= 45", Eqs. {4} transforms into

ainf sin i cos § 4 VZ cosl b — cos?]

(2 —cos*fycosf

€08 Popy = N

The law of refraction and Brewster's formula in the ap-
proximation on # zxtan i are used in the derivation here. Re-
wits of calculating the optimum angle ¢, from Eq. (7) are
given in Table I {the angle / was taken to be 5§7°),

It is clear that the BF with f = 25 possesses the best
selectivity at = 28.8°. Consequently, the BF with 8 = 25°
thould have a transmission peak at the center of the tuning
band for p = 28.8", and not at @ = 45°, as was computed in
Refa, 2, 3, 6. Deeterioration of the contrast transmission fune-

_tionof the BF for departure of the angle@ from the optimum
~ position is shown in Fig. 3. The graphs demonstrate sensitiv-

ityof the shape of the BF transmission spectrum to the tilt of

 the filter. We should note that the height of the secondary
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FIG. 3. Transmittance of the highest secondary peak (upper curve) and

. background transmittance T, vs the angle ¢ for a BF with #=0" and
plate thickness ratio 1:2:9.
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peaks is also minimum at ¢ = @, , and not at @ = 45", as is
shown in Ref. 3. If the gain is 73% by turning the filter 10°
from the optimum position, then the increase in height of the
highest secondary peak is only 5%.

EFFECT OF THE ANGLE (3 ON THE BF CHARACTERISTICS

Computed results of the dependence of the free spectral
range of the BF, the tuning factor dd /dg, and the facter
dA /df onthe angle 8 are given in Table I1. The characteris-
tics are given for a filter with the thickness of the first plate,
for instance, of /1) = 1,86 mm and arbitrary integral ratio of
plate thickness for ¢ = 40", The angles £ given in Table IF
arecharacterized by the fact that for @ = 8 *, the wavelength
of the BF transmission peak is 595 nm without changing &,
and . The free spectral ranges A4, and AA, are calculated

based on the fundamental transmission peak at a chosen

wavelength and ure equal to the spectral distances to the next
fundamental peaks of the 7(A} Munction in the short-wave-
length and long-wavelength regions of the spectrum, respec-
tively. To determine the BF tuning factor, a shift in the trans-
mission peak is found at A = 595 nm by varying the angle of
tilt ¢ by 1°. The relation between the factors d /d8 and
dA /dg derived from the data of Ref. 6 is used to determine
arbitrary d4 /df,

d)

3- )

L (tanﬂ _ 1
d¢ \tang@ singtan @

This computation technique aliows us to make a correct
comparison between BF characteristics with different
angles 5.

Table Il shows that the maximum of the BF tuning fac-
tor is reached at 8 = O, The angle ¥ between the optic axis
and the normal of the extraordinary wave decreases with
increasing angle 3. This leads to an increase in the derivative
dy/dg, and this explains the increase in the tuning factor.
We note that the factors dA /dp and dA /dfi are independent
of plate thicknesses and are determined by the angle § and,
to a negligible extent, by the orientation of the BF.® An in-
crease in the angle & for a fixed thickness of the first plate
may lead to significant increase (4—7 times) of the BF free
spectral range,

USE OF CALCULATED DATA IN BF DESIGN

In designing BF for a tunable laser, it is necessary to
proceed from the allowable reduction in the contrast func-
tion 7(4) at the edge of the tuning region. Assuming, for
instance, the maximum deterioration of the contrast func-

TABLE I1.
dA dA
B* (deg) AAd, (nm} M' {nm) E (nm/deg) -;E (nm/deg)

4] 19.0 20.2 3.3 —7,3

a7 22.0 23.8 50 —i1.2
16.6 26.2 288 6.9 —14.2
4.3 32,0 38.6 9.5 —17.9
325 4t.4 40.8 i2.9 —eld
42.3 80.8 78.8 18.4 —24.5
3.5 92,0 130.4 25.5 —20.8
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tion T'(A) to be a factor of 2, we find from Fig. 3 that vari-
ation in the angle of tilt Ap = |@ — @, | should not exceed
14°, Consequently, by varying the angle ¢ by Ap = 14°, the
filter should tune the wavelength of the transmission peak by
no less than half the required tuning band. By denoting the
spectral width of the required tuning band as AA”?, we have
the condition for the factor dA /dg

di 1 A\P
H>Ta (8)

We find the allowed angles # from Table 11 using the
tuning factor. We obtain @,,,, from Eq. (7) by choosing the
angle 8. For given wavelength of the center of the transmis-
sion band A'*, angles B and @,,,,, we find the index of refrac-
tion of the extraordinary wave n from Eq. (3) or (3a) and

the thickness of the first plate of the BF from the formula'®"

m\*

S N Py e T

9

where m is an integer. With the desired thickness 4, (m), the
free spectral range A4, should be wider than the required
tuning band.

Thus, in BF design, there is certain degrec of freedom in
the selection of the angle 4 and thickness &,(m). The angle
Bis limited only from below and, for example, fordA /dg> 5
nm/deg, the BF can have any angle # that satisfies the in-
equality A2 9° (Table I1)." Calculation by Eq. (9) can also
give precisely several thicknesses A,(m,),...h,(my), for
which A4, (and this also means A4, ) will be wider than the
tuning band. Let us consider which angles 8 and thicknesses
h,(my) we should select.

We recommend the selection of 8 and h,(m, ) for the

. purpose of efficient use of adjacent and succeeding funda-
mental peaks of the transmission function 7(4) when oper-
ating the filter in those regions of the spectrum, where these
peaks are situated at ¢ = @,,,. The BF transmission func-
tion is periodic and possesses only smaller A4, and A4, in
the shorter-wavelength region of the spectrum. The design
formulas for T'(4) allows us to find almost exactly the spec-
tral position of all the fundamental transmission peaks of
any BF. By choosing 8 and /,(my ) in such a manner that
the wavelengths of certain fundamental transmission peaks
would be close to the wavelengths of the peaks of the gain
curves of certain dyes, we can broaden significantly the func-
tional capabilities of the BF. In this case, lasing in the major-
ity of dye lasers will take place sucessively at different funda-
mental transmission peaks. For the majority of the dyes, the
BF will be tuned by varying the angle ¢ ncar ¢, . Thus, for
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example, a BF with 4, = 398 um, =0, ¢, = 40" has
main transparency peaks at 415 nm [for m =9, see Eq,
(9)).459nm (m = 8), 517 nm (m = 7), 595 nm (m = 6),
705 nm (m = 5), We find from Ref. 13 that this BF can tune
the wavelength of six dye lasers; stilbene 1 (415), cumarin?
(454), cumarin 47 (469), cumarin 30 (510), rhodamine 6G
(593), and puridin 1 (710). The wavelength of the peak in
the spectral distribution of the output power of the laser ofa
given dye pumped by a high power ion laser is given in nano-
meters in parentheses. The overal tuning band of the BF in
the six dyes is ~350 nm."? On the other hand, in order to
operate with these six dyes, two or three BF are required (for
blue, green-yellow, and red emissions'*), designed for using
one fundamental transmission peak and having a limited
tuning band (of the order of 100 nm for the BF, commercial-
ly manufactured by Coherent, Inc.'*). Thus, the advantage
of the BF so designed as to include the potential of a tunable
laser with different active media lasing successively at differ-
ent fundamental peaks of the T(A) function are clear.

We note that the design formulas for the T(1) function
can be applied to numerical modeling of both tunable lasers
using BF, and cw dye and color center lasers, and pulsed dye
lasers with a large effective number of passes.

The authors are grateful to V. A. Sorokin, S. A~
Devyanin, and S. N. Seleznev for consultation and assistance
in performing the computer calculations.

! We should, however, tuke into account that overestimation of the ungle
A leads todeterioration of the accuracy and reproducibility of BF tuning.
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